Clausius' statement of the second law of thermodynamics reads: Heat will flow spontaneously from a hot to cold reservoir. This statement should hold for transport of energy through a quantum network composed of small subsystems each coupled to a heat reservoir. When the coupling between nodes is small, it seems reasonable to construct a local master equation for each node in contact with the local reservoir. The energy transport through the network is evaluated by calculating the energy flux after the individual nodes are coupled. We show by analysing the most simple network composed of two quantum nodes coupled to a hot and cold reservoir, that the local description can result in heat flowing from cold to hot reservoirs, even in the limit of vanishing coupling between the nodes. A global derivation of the master equation which prediagonalizes the total network Hamiltonian, and within this framework derives the master equation, is always consistent with the second-law of thermodynamics.
I. INTRODUCTION
Transport of energy in and out of a quantum device is a key issue in emerging technologies.
Examples include molecular electronics, photo-voltaic devices, quantum refrigerators and quantum heat engines [1] [2] [3] . A quantum network composed of quantum nodes each coupled to local reservoir and to other nodes constitutes the network. The framework for describing such devices is the theory of open quantum systems. The dynamics is postulated employing completely positive quantum master equations [4, 5] . Solving the dynamics allows us to calculate the steady state transport of energy through the network.
It is desirable to have the framework consistent with thermodynamics. The first law of thermodynamics is a conservation law of energy; the energy of an isolated system is constant and can be divided into heat and work [6] . The dynamical version of the second law of thermodynamics states that for an isolated system the rate of entropy production is non-negative [7] . For a typical quantum device the second law can be expressed as,
whereṠ int is the rate of entropy production due to internal processes, expressed by the von Neumann entropy.Ṡ m is the entropy flow associated with matter entering the system, and the last term is the contribution of heat flux, J i , from the reservoir i.
Microscopic derivation of a global Markovian master equation (MME) of Linblad-GoriniKossakowski-Sudarshan (LGKS) form [4, 5] , for the network is usually intricate. The local approach simplifies this task [8] [9] [10] [11] [12] . It is commonly considered that if the different parts of the network are weakly coupled to each other, a local master equation is sufficient to describe all the properties of the network. We will show that the local approach is only valid for local observables such as the population of each node, and is not valid for non-local observables describing energy fluxes.
II. THE NETWORK MODEL
The simplest network model composed of two nodes shown in Fig. 1 and is sufficient to demonstrate the distinction between the local and global approach. Heat is transported between two subsystems A and B, where each is coupled to a single heat bath with tem-perature T h and T c . The two subsystems are weakly coupled to each other. The global
Hamiltonian is of the form:
The bare network Hamiltonian, isĤ 0 =Ĥ A +Ĥ B where the node Hamiltonians are
The heat transfer network model; heat is transferred from a hot bath at temperature T h to the a colder bath at temperature T c . The heat current is mediated by two coupled subsystems A and B, where subsystem A is connected to the hot bath and subsystem B is connected to the cold bath.
H A = ω aâ †â andĤ B = ω bb †b , which are composed of either two harmonic oscillators (HO) or of two two-level systems (TLS), depending on the commutation relation. 
A. Local Approach
In the local approach it is assumed that the inter-system coupling does not affect the system bath coupling. Therefore in the derivation of the MME the HamiltonianĤ AB is ignored. The dynamics of the reduced system A + B is governed by the Master equation,
With L h(c) the (LGKS) dissipative terms of the local system A(B),
and
when the node to node coupling is zeroĤ AB = 0 each of the local master equations Eq. (5) and Eq. (6) drives the local node to thermal equilibrium. At steady state whenĤ AB = 0 the heat flow from the hot (cold) bath is given by,
whereρ s is the steady state density operator.
The dynamics of the network is completely characterized by the expectation values of four operators: Two local observables â †â , b †b , and two AB correlations X ≡ â †b +âb † and Ŷ ≡ i â †b −âb † with · ≡ tr{ρ s ·}. For the dynamics we obtain:
The rate γ > 0 depends on the the specific properties of the bath and its interaction with the system. Equations (8) fulfill the dynamical version of the first law of thermodynamics:
The sum of all energy (heat) currents at steady state is zero, J h + J c = 0. The heat flow from the hot heat bath can be cast in the form (cf. Appendix).
where F is a function of all the parameters of the system, which is always positive, and is different for the HO and TLS medium. The Clausius statement for the second law of thermodynamics implies that heat can not flow from a cold body to a hot body without external work being performed on the system. It is apparent from Eq. (9), that the direction of heat flow depends on the choice of parameters. For
heat will flow from the cold bath to the hot bath, thus the second law is violated even at vanishing small AB coupling, Cf. Fig. 2 .
B. Global Approach
The global approach is based on the holistic perception where the Markovian master equation (MME) is derived in the eigen-space representation of the combined system A + B. The reduced system, A + B, is first diagonalized, then the new basis set is used to expand the system-bath interactions. Finally, the standard weak system-bath coupling procedure is introduced to derive the MME [13, 14] . This approach accounts for a shift in the spectrum of the subsystems A and B due to the coupling parameter . But more importantly, it
creates an effective coupling of the system A with the cold bath and of the system B with the hot bath. This indirect coupling absent in the local approach is crucial, and essentially saves the second law of thermodynamics. The global MME, by construction, obeys Spohn's inequality and therefore is consistent with the second law of thermodynamics [15] .
In it's diagonal form the HamiltonianĤ 0 +Ĥ AB is given by,
Where we have defined the operatorsd + =â cos(θ) +b sin(θ) andd − =b cos(θ) −â sin(θ), with cos
For Bosons, the commutation relations of the operators are preserved, i.e. [d ± ,d † ± ] = 1, where all other combinations are zero. For TLS nodes the expressions are more intricate and therefore we restrict the analysis to the harmonic nodes. Following the standard weak coupling limit, in the regime where ω − > 0 the dissipative terms of the MME reads,
with γ ± h(c) = γ h(c) (ω ± ). The calculated steady state heat flow from the hot bath is given by,
which is positive for all physical choice of parameters. Rewriting Eq. (11) and Eq. (12) To further study the dynamics A and B, the explicit form of heat baths is specified, characterizing the rates γ [16] :
where ω k are the frequencies of the baths modes. For the case of a 3-dimensional phonon bath with a linear dispersion relation the relaxation rate can be expressed as:
where κ > 0 embodies all the constants and is proportional to the square of the system-bath coupling.
The steady state observables of the local and global approached are compared in Fig.   3 as a function of the node-to-node coupling strength . For local observables such as the local populationn A ≡ â †â the two approaches converge to the thermal population when {ω h , ω c , |ω h − ω c |}. However, the non-local observables such as the current J h deviate qualitatively. In the local approach when becomes negative for all values of the coupling while for the global approach J h is always positive Cf. Fig. 3 .
The local approach is also not reliable even for parameters where the second-law is obeyed:
. Deviations from the exact global approach appear in the favorable domain of small , as seen in Fig. 4 displaying J h for a wide range of ω h . The inset focuses on the resonant domain, ω h ≈ ω c , where the heat flow is enhanced to its maximal value. In this domain, the heat flows calculated in the two approaches merge only when the relaxation rate to the bath is smaller than the coupling between the nodes, i.e. κω The heat flow from the hot bath calculated in the local approach is given by: 
B. The Global Generator in the Local Representation
The global approach creates an indirect coupling of the subsystems with the baths. This indirect coupling is evident once we write the the global generator in the local representation,
